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ABSTRACT
Starting from the new minimal multiplet of supergravity in 2+ 2 dimensions, we con-
struct two types of self-dual supergravity theories. One of them involves a self-duality
condition on the Riemann curvature and implies the equations of motion following from
the Hilbert-Einstein type supergravity action. The other one involves a self-duality con-
dition on a torsionful Riemann curvature with the torsion given by the field-strength of
an antisymmetric tensor field, and implies the equations of motion that follow from an
R2-type action.
† Supported in part by the U.S. National Science Foundation, under grant
PHY-9106593.
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1. Introduction
Self-dual supergravity theories in 2+2 dimensions are interesting to study for at least
two reasons. First, they are candidate backgrounds for the N = 2 superstring [1]. Second,
their suitable reductions to 1+1 dimension are expected to yield a large class of integrable
systems [2]. Recently, a self-dual supergravity in 2+2 dimensions has been constructed [3].
It is essentially obtained by imposing self-duality and chirality conditions on the curvatures
of an Hilbert-Einstein type supergravity theory.
In this letter we shall construct a new type of self-dual supergravity in 2+2 dimensions.
Our construction is based upon the new minimal multiplet of supergravity [4] in which
the antisymmetric tensor component of the off-shell supergravity multiplet occurs as the
torsion part of the spin connection field [5]. In this theory one arrives naturally at a
self-duality condition on the torsionful Riemann tensor. We will show that in this type of
self-dual supergravity theory the field equations of an R2-type action must be satisfied.
It has been shown in [5,6] that supergravity in the new minimal formulation can be put
into a form which is very similar to the super Yang-Mills system with the Yang-Mills field
replaced by a Lorentz connection with torsion. We shall therefore begin with a discussion
of self-dual super Yang-Mills theory [3]. We shall show that this theory actually has a
hidden superconformal symmetry which is based on the superalgebra SL(4|1). We shall
then describe our construction of the two types of self-dual supergravity theories in 2 + 2
dimensions. In the conclusion we will discuss a number of questions raised by this work.
In the Appendix we give details of the superconformal algebra SL(4|1) in 2+2 dimensions.
2. Self-dual Superconformal Yang-Mills Theory
We start with the description of the super-Poincare´ algebra in 2 + 2 dimensions. The
generators are the supercharges Q±, which are pseudo-Majorana-Weyl spinors in 2 + 2
dimensions [7], and the Poincare´ generators, Pµ and Mµν . The anticommutators between
the supercharges are given by ∗
{Q+, Q+} = 0
{Q+, Q−} =
1
2(1 + γ5)γµCP
µ
{Q−, Q−} = 0
(1)
From the well-known super Yang-Mills theory in 3 + 1, it is easy to extract the analogous
result for 2 + 2 dimensions, which reads
∗ Our conventions are: {γµ, γν} = 2ηµν where ηµν = diag(−,−,+,+) and γ
∗
µ = γµ;
C = γ12, C
T = −C, (γµC)T = (γµC), (γµνC)T = γµνC, ǫ1234 = +1; γ5 = γ1234, γ
2
5 = 1,
[C, γ5] = 0. Q± are real two-component independent pseudo-Majorana-Weyl spinors. The
Fierz rearrangement formula is: χψ¯ = −12 ψ¯χ +
1
8 ψ¯γ
µνχγµν for same chirality anticom-
muting pseudo-Majorana-Weyl spinors and χψ¯ = −1
2
ψ¯γµχγµ for the case of opposite
chiralities. A useful identity is: γµν = −12ǫ
µνρσγρσγ5.
2
δAµ =
1
2 ǫ¯+γµλ− +
1
2 ǫ¯−γµλ+ (2)
δλ± = −
1
4γ
µνFµνǫ± ±
1
2Dǫ± (3)
δD = 1
2
ǫ¯+γ
µDµλ− −
1
2
ǫ¯−γ
µDµλ+ (4)
where λ± are pseudo-Majorana-Weyl spinors, D is the real auxiliary scalar field and Dµ is
the gauge-covariant derivative. All fields carry an adjoint Yang-Mills index which we have
suppressed. Since this is an off-shell multiplet, no field equations, including the self-duality
condition, are implied by the above transformation rules. Following [3] we now impose the
condition
λ+ = 0 (5)
The consequences of this condition are as follows. First from (3) we obtain D = 0 and the
self-dual Yang-Mills equation
γµνǫ+Fµν = 0 ⇔ Fµν =
1
2 ǫµνρσF
ρσ (6)
Next, from (4) we deduce that the nonvanishing spinor λ− satisfies the field equation
γµDµλ− = 0 (7)
In summary, the self-dual super Yang-Mills system simply consists of the field equations
(6) and (7) which transform into each other under the supersymmetry transformations
δAµ =
1
2
ǫ¯+γµλ− (8)
δλ− = −
1
4γ
µνFµνǫ− (9)
One can check that the closure of the algebra indeed requires (6) and (7). Note that
both supersymmetries Q± are present in this system and therefore we have (1, 1) type
supersymmetry ∗. Notice that despite supersymmetry, the self-duality equation (6) receives
no fermionic modifications.
It is well-known that the self-dual Yang-Mills equations are invariant under the confor-
mal group of transformations, which is the group SO(3, 3) for a spacetime with signature
(2, 2). Not surprisingly, the self-dual super Yang-Mills equations (6) and (7) are invariant
under the superconformal group SL(4|1) whose bosonic subgroup is SL(4) ≈ SO(3, 3).
These transformations are given by (8), (9) and
∗ The truncation to (1, 0) supersymmetry by setting ǫ+ = 0 would lead to the super-
algebra {Q−, Q−} = 0 which is realized trivially by the transformation rules δAµ = 0
and δλ− = −
1
4γ
µνFµνǫ−. The truncation to (0, 1) supersymmetry which is achieved by
setting ǫ− = 0 would lead to the superalgebra {Q+, Q+} = 0, again realized trivially by
the transformation rules δλ− = 0 and δAµ =
1
2 ǫ¯+γµλ−.
3
δAµ = −
1
2
η¯−γ
νγµλ−xν + ξ
λ∂λAµ (10)
δλ− = −
1
4γ
µνγρxρFµνη+ +
3
2αλ− − βλ− +
1
4ω
µνγµνλ− + ξ
µ∂µλ− (11)
where η± are the special conformal supersymmetry parameters, α, β are the parameters
of dilatations and SO(1, 1) transformations, respectively, and ξµ represent the spacetime
conformal transformations given by
ξµ(x) = aµ − ωµνxν + αx
µ + 2xµη · x− ηµx2 (12)
Here aµ, ωµν and ηµ are the constant parameters of translations, Lorentz rotations and
conformal boosts, respectively. The above superconformal transformations indeed satisfy
the superconformal algebra SL(4|1) given in the Appendix.
3. Self-dual Supergravity Theory
In 3+1 dimensions there are many different versions of off-shell supergravity. Similar
off-shell supergravities in 2 + 2 dimensions can be easily obtained from them. We shall
work with the new minimal formulation. As has been shown in [5,6] this supergravity
theory can be put into a form which is very similar to the super Yang-Mills system with
the Yang-Mills field replaced by a Lorentz connection with torsion. This is a convenient
feature since it allows us to apply the procedure of the previous section to obtain self-dual
supergravity equations.
The new mimimal multiplet [4] contains the vierbein eµ
a, the gravitini ψµ±, the
antisymmetric tensor field Bµν and an SO(1, 1) gauge field Vµ. In 2 + 2 dimensions the
supersymmetry transformations are
δeµ
a = 12 ǫ¯+γ
aψµ− +
1
2 ǫ¯−γ
aψµ+ (13)
δψµ± = Dµ(Ω+, V+)ǫ± (14)
δBµν =
3
2 ǫ¯+γ[µψν]− +
3
2 ǫ¯−γ[µψν]+ (15)
δVµ =
1
8 ǫ¯+γµγ
abψab− −
1
8 ǫ¯−γµγ
abψab+ (16)
where we have defined the combinations∗
Ωµ±
ab = ωµ
ab(e, ψ)± Hˆµ
ab (17)
Vµ+ = Vµ +
1
6 ǫµ
abcHˆabc (18)
∗ The supercovariant spin-connection ωµ
ab(e, ψ) is defined as follows:
ωµ
ab(e, ψ) = ωµ
ab(e)− 12 ψ¯µγ
[aψb] − 14 ψ¯
aγµψ
b
where ψµ = ψµ+ + ψµ−.
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The covariant curvatures are
ψµν± = Dµ(Ω+, V+)ψν± −Dν(Ω+, V+)ψµ± (19)
Hˆµνρ = ∂[µBνρ] −
3
2 ψ¯[µ+γνψρ]− (20)
The derivative Dµ on the supersymmetry parameters ǫ± is given by
Dµ(Ω+, V+)ǫ± =
(
∂µ −
1
4Ωµ+
abγab ∓ Vµ+
)
ǫ± (21)
Following [5,6], one can show that Ωµ−
ab, ψab and the supercovariant field-strength
Fˆ ab(V+) form a super-Yang-Mills type multiplet with the gauge group taken to be the
spacetime Lorentz group SO(2, 2). We find that the transformation rules are†
δΩµ−
ab = 12 ǫ¯+γµψ
ab
− +
1
2 ǫ¯−γµψ
ab
+ (22)
δψab± = −
1
4
γcdRˆcd
ab(Ω−)ǫ± ∓ Fˆ
ab(V+)ǫ± (23)
δFˆ ab(V+) = −
1
4 ǫ¯+γ
µDµ(Ω−)ψ
ab
− +
1
4 ǫ¯−γ
µDµ(Ω−)ψ
ab
+ (24)
where Dµ(Ω−) is the supercovariant derivative and the Ω− covariantization in the last line
acts on the fermionic as well as the vectorial indices of ψab± .
Below we shall construct two types of self-dual supergravity theories which we shall
refer to as type I and type II. To obtain the type I self-dual supergravity we shall exploit
the fact that the transformation rules (22)-(24) have the super Yang-Mills form and use
the procedure of the previous section. This leads to the self-dual supergravity theory of [3].
To obtain the type II self-dual supergravity we shall make use of the fact the Yang-Mills
group in (22)-(24) is actually the spacetime group SO(2, 2).
Type I Reduction
Following the procedure of the previous section we impose the condition
ψab+ = 0 (25)
The consequence of this can be seen from (23) and (24) to be
† The supercovariant curvatures of Vµ+ and Ωµ−
ab are defined as follows:
Fˆab(V+) = 2∂[aVb]+ −
1
2 ψ¯[a+γ
λψb]λ− +
1
2 ψ¯[a−γ
λψb]λ+
and
Rˆcd
ab(Ω−) = Rcd
ab(Ω−)− ψ¯[c+γd]ψ
cd
− − ψ¯[c−γd]ψ
cd
+
.
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Rˆcd
ab(Ω−) =
1
2
ǫcdef Rˆ
efab(Ω−) (26)
Fˆ ab(V+) = 0 (27)
γµDµ(Ω−)ψ
ab
− = 0 (28)
We recognize (27) as one of the equations of motion that follow from the 2 + 2 version of
the R-type action of [4]
e−1L(R) = −12R(ω)− ψ¯µ+γ
µνρDν(ω, V )ψρ− −
1
2HˆabcHˆ
abc + 23e
−1ǫµνλρVµ∂νBλρ (29)
By supersymmetry, the remaining equations of motion based on this action also follow. As
for (28), it can be written in terms of derivatives of the gravitino and Einstein equations
of motion.
One of the equations of motion that follows from (29) is
Hˆabc = 0 (30)
Hence, (26) reduces to
Rcd
ab(ω) = 12 ǫcdefR
efab(ω) (31)
where we have used (25). From (31) and the identity R[abc]d(ω) = 0, it then follows that
the Ricci-tensor vanishes, i.e.
Rab(ω) = 0 (32)
The supersymmetry variation of (31) leads to the following duality condition on the grav-
itino curvature:
ψab− =
1
2 ǫ
abcdψcd− (33)
This duality condition can also directly be proven from the gravitino field equation γaψ
ab
− =
0.
In summary, the type I self-dual supergravity [3] is described by (31) and (33) plus
the Bianchi identities for the curvatures which together imply the equations of motion
that follow from the R-action. Due to (25), (27) and (30) the fields ψµ+, Vµ and Bµν
drop out of the theory and the only equations of motions in addition to (31) and (33)
are the supercovariant Einstein and gravitino field equations for the fields eµ
a and ψµ−,
respectively. Thus, the type I self-dual supergravity has the local supersymmetry given by
δeµ
a = 12 ǫ¯+γ
aψµ− (34)
δψµ− = Dµ(ω)ǫ− (35)
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Closure of the algebra requires that the supersymmetry parameter ǫ+ be covariantly con-
stant, i.e.
Dµ(ω)ǫ+ = 0 (36)
The integrability condition of this equation leads to the self-duality condition (31) for the
Riemann curvature.
Note that despite that fact that there are no fermionic corrections to the self-duality
equation (31) it nonetheless is supercovariant and transforms into the gravitino field equa-
tion under the above supersymmetry transformations. Note also that, since the self-duality
conditions (31) and (33) do not follow from the action (29), of course the latter can not
be considered as the action for type I self-dual supergravity.
Type II Reduction
In this reduction we make use of the fact that each one of the gravitino curvatures ψab±
is in a reducible representation of SO(2, 2), namely (3, 1) ⊕ (1, 3). The type II reduction
amounts to setting one of these pieces equal to zero, i.e.
ψab± =
1
2 ǫ
abcdψcd± (37)
This condition and supersymmetry are evidently consistent with the following self-duality
conditions
Rˆcd
ab(Ω−) =
1
2
ǫabef Rˆcdef (Ω−) (38)
Fˆ ab(V+) =
1
2 ǫ
abcdFˆcd(V+) (39)
The above three equations, together with the Bianchi identities for the curvatures, define
type II self-dual supergravity. We observe that (39) together with the Bianchi identity
D[aFˆbc](V+) +
1
4 ψ¯[ab+γ
λψc]λ− −
1
4 ψ¯[ab−γ
λψc]λ+ = 0 (40)
and the self-duality conditions (37) imply that
8DaFˆ
ab(V+) + ψ¯
cd
+ γ
bψcd− = 0 (41)
We recognize this as one of the field equations that follow from the 2 + 2 version of the
R2-type supergravity action constructed in [5,6]
e−1L(R2) = 1
4
Rµν
ab(Ω−)R
µνab(Ω−)− 2Fˆab(V+)Fˆ
ab(V+) +
1
2
ψ¯abγµDµ(Ω−, V )ψab
+ 18 ψ¯µγ
cdγµψab
(
Rcd
ab(Ω−) + Rˆcd
ab(Ω−)
) (42)
where ψµ = ψµ+ + ψµ− and the Ω− covariantisation in the kinetic term of the gravitino
curvature acts both on the spinor as well as the vector indices of ψab. By supersymmetry
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it then follows that the field equations for the remaining fields eµ
a, ψµ± and Bµν must also
be satisfied. We arrive at the same conclusion by considering the consequences of (37) and
(38) together with the Bianchi identities.
In summary, the type II self-dual supergravity theory consists of the self-duality equa-
tions (37)-(39) plus the Bianchi identities for the curvatures which together imply the
equations of motion that follow from the R2-action. Note that in contradistinction to the
type I theory the selfduality condition on the Riemann curvature involves extra fermionic
terms. The type II theory is invariant under the following supersymmetry transformations
δeµ
a = 12 ǫ¯+γ
aψµ− +
1
2 ǫ¯−γ
aψµ+ (43)
δψµ± = (∂µ −
1
4
Ωµ+
abγab ∓ Vµ+)ǫ± (44)
δBµν =
3
2 ǫ¯+γ[µψν]− +
3
2 ǫ¯−γ[µψν]+ (45)
δVµ =
1
8 ǫ¯+γµγ
abψab− (46)
Although the equations of motion of type II self-dual supergravity imply the equations
of motion corresponding to the above R2 action, the converse is not true and therefore
the R2 action, of course, can not be considered as the action for the type II self-dual
supergravity.
Finally, we note that the self-duality condition (38) implies that
Rˆcd
ab(Ω+) =
1
2 ǫcdef Rˆ
efab(Ω+) (47)
owing to the identity
Rabcd(Ω−) = Rcdab(Ω+) (48)
Furthermore, for a torsionful curvature the self-duality condition (38) does not imply that
the Ricci tensor vanishes. Instead, one is only able to show that the Ricci tensor is
proportional to torsion-dependent terms.
4. Discussion
In this letter we have constructed a new type of self-dual supergravity theory in 2+ 2
dimensions based on a torsionful curvature tensor. Our results raise a number of interesting
questions.
A natural question to ask is the connection between the self-dual supergravities con-
sidered here and the N = 2 supersymmetric string theories. In this regard we recall that
off-shell supergravity in the new minimal formulation is a consistent background for the
Green-Schwarz superstring in 3 + 1 dimensions [8]. The same model can be taken over
to represent the Green-Schwarz superstring in 2 + 2 dimensions [3], with obvious changes
in the signature of the spacetime metric and the reality conditions on the spinorial coor-
dinates of the target superspace, which will now be parametrized by xµ, θ+ and θ−. An
interesting open problem is to find a mechanism that will put the supergravity background
on-shell, with or without self-duality conditions.
8
It is interesting to note that the mathematics used in discussing self-dual Yang-Mills or
supergravity theories resembles that used in the discussion of Kaluza-Klein compactifica-
tions and solitonic solutions to string theories in ten dimensions. An important difference,
however, is that in the latter case all background fermions are set equal to zero and not
all supersymmetries are maintained, depending on the background. Typically, residual
supersymmetries are found in self-dual backgrounds. In the case of self-dual supergravities
all supersymmetries are maintained and not all fermions are vanishing.
Finally, we recall that the supergravities considered in this letter have a (1, 1) super-
symmetry in 2 + 2 dimensions. A chiral truncation to (1, 0) supersymmetry would lead
to the superalgebra {Q−, Q−} = 0. In this case there is no need to supersymmetrize the
bosonic self-duality conditions since the gauge fields will be inert under supersymmetry.
To obtain a nontrivial (1, 0)-supersymmetric self-dual systems in 2 + 2 dimensions, one
should consider the following superalgebra:
{Q−, Q−} =
1
2
γµνCMµν (49)
where Mµν are the Lorentz generators, self-dual in the µ, ν indices, therefore representing
effectively an SO(2, 1) rotation. A (1, 0) self-dual supergravity theory based upon this
algebra has been considered in [9].
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APPENDIX: The Superconformal Algebra SL(4|1)
The bosonic subalgebra of SL(4|1) is SL(4) × SO(1, 1) generated by the SO(2, 2)
generators Mµν , translations Pµ, conformal boosts Kµ, dilatation D and the SO(1, 1)
generator A. The nonvanishing commutators for this bosonic subalgebra are
[Mµν ,Mρσ] = ηνρMµσ − ηνσMµρ − ηµρMνσ + ηµσMνρ
[Mµν , Pρ] = ηνρPµ − ηµρPν [Mµν , Kρ] = ηνρKµ − ηµρKν
[Pµ, Kν ] = 2(ηµνD −Mµν) [Pµ, D] = Pµ [Kµ, D] = −Kµ
The fermionic generators are the supersymmetry generators Q± and the special su-
persymmetry generators S±, all of which are real two component pseudo Majorana-Weyl
spinors. The nonvanishing (anti)commutators involving the spinorial generators are
{Q−, Q+} = −2(P−γ
µC)Pµ {S+, S−} = 2(P+γ
µC)Kµ
{S±, Q±} = P±(2D + γ
µνMµν ± A)C
[Pµ, S±] = −γµQ∓ [Kµ, Q±] = γµS∓
[Mµν , Q±] = −
1
2
γµνQ± [Mµν , S±] = −
1
2
γµνS±
[D,Q±] = −
1
2Q± [D,S±] =
1
2S±
[A,Q±] = ±3Q± [A, S±] = ∓3S±
where P± =
1
2 (1± γ5).
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